MAT175 PROBLEM SET #2 KARE S. GJALDBAK

Problem 1. Use the definition of the derivative as the limit of a difference qoutient
to compute the derivative of the functions below

i) fle) = v
Solution. (i) We have

, . Vr+Axr—/x

fle)=m 5
_ lim Vae+Ar—x Vr+Ax+./z
 Az—0 Ax VI +Ar+ /T

~ lim r+Ar —z
Az—0 Az(vVr + Az + /x)
= lim A
Az—0 Az (v + Ax + /)
= lim !
Az—0 \/z + Az + /T
1

NG

Problem 2. Find the derivative of f(x)

(iii) f(z) = x*? (ix) f(z)=a*—22°+52—7
) o) = 5

Solution. The key is the power rule
f(x)=2a" f(z)=na""".
(iii) f(z) = 2*2. We use the power rule.

f(z) = 42271 = 422

4y 4 4
i) o 5uv/xt
(ix) f(z) = 2% — 223 + 5z — 7. We use the power rule and the sum/difference rule.

fl(z) =40 = 3. 203 4520 —0 =42 — 62° + 5

Problem 3. Find the derivative of f(x)
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(i) f(z) =sinx + cosx (v) f(x) =2e" —3cosz + 5sinz — 6e’
(iii) f(z) = —be”

Solution. We use the sum/difference rule, the constant multiple rule and

—sinx =cosx, ——cosx = —sinx, —e' =e
dx dx

dx
(i) f(x) =sinz + cosx.
f'(z) = cosz —sina
(iii) f(z) = —5e”
f'(x) = =5e’
(v) f(z) = 2% — 3cosz + Hsinz — €7

f'(z) = 2e* —3(—sinz) + 5cosz — 0 = 2e” 4+ 3sinx + 5cos x

Problem 4.

(i) Standing on the roof of a 72 feet tall building, a golfer takes a whack at a ball
sending it over the edge. The initial velocity of the ball is 24 feet per second
and the acceleration due to gravity is -32 feet per second per second.

(a) Determine the position function s(¢), that is the height of the ball above
the ground as a function of time in seconds.

(b) Determine the velocity function.

(c) What is the velocity of the ball when it hits the ground?

Solution. (i) The position function of a free falling object is given by

1
s(t) = —ith + vot + So.

We have acceleration due to gravity g = —32&%, initial velocity vy = 2482—“C and initial

position sg = 72ft. This means that the position function is given by

s(t) = —16t> + 24t + 72.

(ii) The velocity function is the first derivative of the position function, so

v(t) = §'(t) = —32t + 24.
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(iii) The ball hits the ground when position function is zero. That is

s(t) = —16t* + 24t + 72 = 0,
= —8(2t* =3t —9) = 0,
= (2t +3)(t—3) =0.

This means that the ball hits the ground at time ¢ = 3 sec. At that time, the velocity
is

ft
3)=-32(3) +24 = -T2—.
o(3) = —32(3) +

Problem 5. Use the quotient rule to prove the formulas for the derivatives of the
trigonometric functions

(iii) £ cscx = —cscxcotw

Solution. We use the quotient rule

d (f(@) _ 9@)f'(x) = f(x)g'(2)

dr \ g(x) (g(z))?
icscx = i < 1 >
dx ~ dr \sinzx
_ sinz- (1) —1-L(sinz)
sin? x

sinz-0—coszx

sin? x

1 COST

sinx sinzx

= —cscxrcotx

Problem 6. Find the derivative of f(x).

(ii) f(z) =sinxcosz
(v) f(x) =zcscx

sinx — coszx
111 r) = -
(vii) fla) ===
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Solution. We’ll use the product rule

L (F(@)g(x) = 9@ (@) + (2)g (@)

and the quotient rule

(ii) f(z) =sinzcosx
f'(z) = sinzcosx

= COSZT-—sSsIinx +sinx - — cosx

dx dx

= cosx cos x + sin x(— sin x)
= cos’x —sin’x

= cos(2x)
(v) f(z) =xcscx

f'(x) = csc xddx(x) + xCZC(cscx)

=csca - 1+ a(—cscxcot x)
=cscCxr —xcscreota

= cscx(l — z cot x)

sinx — coszx

e*+x

(viti) f(x) =

(e” + z) L (sinz — cosz) — (sinz — cosz)-L(e” + x)
(e* 4 x)?
(e +x)(cosz +sinx) — (sinx — cosx)(e” 4 1)
(e 7 2P
_ (2¢"+x+1)cosx + (v —1)sinx
(e* 4 x)?

f'(x) =

Problem 7. Find the derivative of f(z). 6
() J(z) = sin(20) i s - (VI

(24 1)2
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Solution. (i) We have
, d
f'(x) = cos(2x) - %(21}) = cos(2z) - 2 = 2 cos(2z).
(iv) We have

f/(x)ze\/g.7<\/5):€\/§‘7:7

(vii) We have

b d1 V2x? — 3z +2
“‘0)‘% (=)

(ln 272 — 37 + 2 — In(x? —|—1)>

n(22® — 3z +2)7 — 2In(a? + 1))

i
d(

n(22? — 3z +2) — 21n(s? +1)>

d
1d d
1 1 d 1 d
_— 2x“ — 2)—2 1
22x2—3x+2 dx( =3z + ) 22 +1 d:p<x +1)
1 1
e (42— 2
2922 302 3 2 (%)
4r — 3 4z

402 —6x+4 x2+1

I'm fine with that, but if it pleases, we could combine the fractions to

(4z — 3)(z* + 1) 4a(42? — 62 + 4)
(422 — 6z +4)(22 + 1) (22 + 1)(422 — 62 + 4)
—3(4x® = Tz* + 4z + 1)
2(z* — 323 + 422 — 32 4 2)

f'(x) =




